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A dual pair for free boundary fluids
Franc¸ois Gay-Balmaz and Cornelia Vizman
Abstract
We construct a dual pair associated to the Hamiltonian geometric formulation
of perfect fluids with free boundaries. This dual pair is defined on the cotangent
bundle of the space of volume preserving embeddings of a manifold with boundary
into a boundaryless manifold of the same dimension. The dual pair properties are
rigorously verified in the infinite dimensional Fre´chet manifold setting. It provides
an example of a dual pair associated to actions that are not completely mutually
orthogonal.
1 Introduction
The concept of dual pair, formalized by Weinstein [1983], is an important notion in
Poisson geometry and has several applications in the context of momentum maps and
reduction theory, see e.g. Ortega and Ratiu [2004] and references therein. We recall
that given a finite dimensional symplectic manifold (M,ω) and two finite dimensional
Poisson manifolds P1, P2, a pair of Poisson mappings
P1
J1←− (M,ω)
J2−→ P2
is called a dual pair if ker TJ1 and ker TJ2 are symplectic orthogonal complements of
one another, where ker TJi denotes the kernel of the tangent map TJi of Ji. Dual
pair structures arise naturally in classical mechanics. In many cases, the Poisson maps
Ji are momentum mappings associated to Lie algebra actions on M . For example, in
Marsden [1987] (see also Cushman and Rod [1982], Golubitsky and Stewart [1987] and
Iwai [1985]) it was shown that the concept of dual pair of momentum maps can be useful
for the study of bifurcations in Hamiltonian systems with symmetry.
In the context of infinite dimensional manifolds, there are several difficulties re-
lated with the definition of dual pairs and rigorous justification of their properties in
concrete examples. Such difficulties have been overcome in Gay-Balmaz and Vizman
[2012] for the case of dual pairs of momentum maps associated to the Euler equa-
tions of a perfect fluid and the dual pairs of momentum maps associated to the n-
dimensional Camassa-Holm equation (also named EPDiff equations, standing for Euler-
Poincare´ equations on the diffeomorphism group). These dual pairs have been defined in
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Keywords: Dual pair, momentum map, free boundary Euler equation.
1
Marsden and Weinstein [1983] and Holm and Marsden [2004], respectively, and clarify,
among other things, the occurrence of singular solutions as Clebsch variables (in the
sense of Marsden and Weinstein [1983]) together with their gauge group symmetries.
We now briefly recall the construction of these two dual pairs structures at a formal
level, that is, without describing the additional restrictions and reformulations obtained
in Gay-Balmaz and Vizman [2012] to prove the dual pair property.
For ideal fluids, the dual pair is constructed as follows. Consider a symplectic mani-
fold (M,ω), a volume manifold (S, µ), and let C∞(S,M) be the space of smooth maps
from S to M . The left action of the group Diff(M,ω) of symplectic diffeomorphisms
and the right action of the group Diff(S, µ) of volume preserving diffeomorphisms are
two commuting symplectic actions on C∞(S,M). Their momentum maps JL and JR
form the dual pair for the Euler equation:
X(M,ω)∗
JL←− C∞(S,M)
JR−→ X(S, µ)∗.
While the right leg represents Clebsch variables for the Euler equations seen as a Hamilto-
nian system on X(S, µ)∗, the left leg is a constant of motion for the induced Hamiltonian
system on C∞(S,M), which reduces to point vortex solutions of the two dimensional Eu-
ler equations when dim(S) = 0 and M is two dimensional (see Marsden and Weinstein
[1983]). As emphasized in Holm and Tronci [2009], this dual pair naturally arises also in
kinetic theory, in relation with the Klimontovich solutions of the Poisson-Vlasov system
in plasma physics.
To obtain the dual pair of the n-dimensional Camassa-Holm equation one considers
the cotangent bundle T ∗ Emb(S,M) of the manifold Emb(S,M) of all embeddings of S
intoM . The diffeomorphism groups Diff(S) and Diff(M) naturally act on T ∗ Emb(S,M)
by the cotangent lift of right and left composition, respectively. The associated momen-
tum maps form the dual pair for the n-Camassa-Holm equation:
X(M)∗
JL←− T ∗Emb(S,M)
JR−→ X(S)∗,
Holm and Marsden [2004]. While the left leg provides singular solutions of the EPDiff
equation, the right leg is a constant of motion associated to the collective motion on
T ∗ Emb(S,M).
In this paper we consider and study a dual pair associated to an other important
example of infinite dimensional Hamiltonian system arising in fluid mechanics, namely,
the case of a perfect fluid with free boundaries.
As we will recall in details later, the phase space of a free boundary fluid is given
by the cotangent bundle T ∗ Embvol(S,M) of the manifold Embvol(S,M) of all volume
preserving embeddings of a compact volume manifold (S, µS) with boundary ∂S into a
volume manifold (M,µ) without boundary, both having the same dimension. The Hamil-
tonian structure of free boundary perfect fluids has been shown in Lewis et al. [1986] to
arise by Poisson reduction of the canonical symplectic form on T ∗ Embvol(S,M) by the
group Diffvol(S) of all volume preserving diffeomorphisms Diffvol(S) of S. The reduced
space is therefore given by the quotient T ∗Embvol(S,M)/Diffvol(S) endowed with the re-
duced Poisson bracket. On the other hand, Noether theorem associated to the Diffvol(S)-
action gives rise to conservation of the momentum map JR : T
∗ Embvol(S,M)→ Xvol,‖(S)
∗.
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This momentum map, together with the quotient map πR, form the dual pair associated
to free boundary fluid that will be the main object of study in this paper:
T ∗ Embvol(S,M)/Diffvol(S)
piR←− T ∗ Embvol(S,M)
JR−→ Xvol,‖(S)
∗. (1.1)
We will obtain the dual pair property of (1.1) by first considering the pair of mo-
mentum maps
Xvol(M)
∗ JL←− T ∗ Embvol(S,M)
× JR−→ Xvol,‖(S)
∗
for which the commuting actions of Diffvol(S) and Diffvol(M) are not mutually completely
orthogonal (in the sense of Libermann and Marle [1987]), namely only the Diffvol(S)-
orbits are the symplectic orthogonals of the Diffvol(M)-orbits, not vice-versa. Of course,
such a situation can only happen in the infinite dimensional case.
Acknowledgements. This work was partially supported by a grant of the Romanian
National Authority for Scientific Research, CNCS UEFISCDI, project number PN-II-
ID-PCE-2011-3-0921.
2 Free boundary fluids
In this section we quickly recall the geometric formulation of perfect fluids with fixed or
free boundary, and the associated process of reduction by symmetry.
Geometry of perfect fluids. The equations of motion of an ideal incompressible
fluid on an oriented compact Riemannian manifold (M, g) with smooth boundary ∂M
are given by the Euler equations
∂tv +∇vv = − grad p, (2.1)
where the Eulerian velocity v is a divergence free vector field parallel to the boundary,
p is the pressure, and ∇ is the Levi–Civita covariant derivative associated to g. Arnold
Arnold [1966] has shown that equations (2.1) are formally the spatial representation of
geodesics on the volume-preserving diffeomorphism group Diffvol(M) of M with respect
to the L2 Riemannian metric. From this, one obtains that the Euler equations in La-
grangian representation are given by canonical Hamilton’s equations on the cotangent
bundle T ∗Diffvol(M). The noncanonical Hamiltonian structure of the Euler equations
in spatial representation (2.1) are obtained by Poisson reduction of the canonical Pois-
son brackets on T ∗Diffvol(M), as explained in Marsden and Weinstein [1983]. This is
a particular instance of the process of Lie–Poisson reduction valid on any Lie group G,
Marsden and Ratiu [1999]. More precisely, the Lie–Poisson brackets
{f, g}(µ) =
〈
µ,
[
δf
δµ
,
δg
δµ
]〉
, µ ∈ g∗,
on the dual space g∗ of the Lie algebra g of G, are obtained by Poisson reduction of the
canonical Poisson bracket on the cotangent bundle T ∗G, via the quotient map T ∗G→ g∗,
αg 7→ αgg
−1. For the Euler equations, one chooses G = Diffvol(M) so that g = Xvol,‖(M)
is the Lie algebra of divergence free vector fields on M parallel to the boundary.
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Geometry of perfect free boundary fluids. The above reduced Hamiltonian for-
mulation has been extended to the case of perfect fluids with free boundaries in Lewis et al.
[1986]. The configuration space is given by the manifold Embvol(S,M) of all volume pre-
serving embeddings of a compact volume manifold (S, µS) with smooth boundary into a
boundaryless Riemannian manifold (M, g) of same dimension. Recall that an embedding
ϕ : S → M is volume preserving if ϕ∗µM = µS, where µM is the Riemannian volume
form on M .
The tangent space Tϕ Embvol(S,M) consists of vector fields vϕ : S → TM along
ϕ such that vϕ ◦ ϕ
−1 ∈ Xvol(ϕ(S)), the space of divergence free vector fields (rela-
tive to µM) on ϕ(S), not necessarily parallel to the boundary. The quotient space
Embvol(S,M)/Diffvol(S) is the nonlinear Grassmannian Gr
S
0 (M) of all type S subman-
ifolds of M of same volume with S, that is,
GrS0 (M) = {D ⊂M : D submanif. diffeom. to S, VolµM (D) = VolµS(S)}. (2.2)
The quotient space T Embvol(S,M)/Diffvol(S) is identified with the vector bundle over
GrS0 (M) whose fiber at D is given by the space Xvol(D) defined above. Using this
identification, the projection onto the quotient reads
vϕ ∈ T Embvol(S,M) 7→ v = vϕ ◦ ϕ
−1 ∈ T Embvol(S,M)/Diffvol(S). (2.3)
We refer to Gay-Balmaz and Vizman [2014] for a detailed study of the Fre´chet manifold
structures of nonlinear Grassmannians of type S, when S has a nonempty boundary.
The dynamics of the fluid in Lagrangian representation is described by a curve ϕ(t) ∈
Embvol(S,M) which indicates the current position x = ϕ(t)(s) at time t of the material
particle labelled by s ∈ S . The free boundary motion Σ(t) is given by the image of ∂S
by ϕ(t), that is Σ(t) = ϕ(t)(∂S) = ∂(ϕ(t)(S)).
The material Lagrangian L : T Embvol(S,M)→ R of the free boundary fluid reads
L(ϕ, vϕ) =
1
2
∫
S
g(ϕ(s))(vϕ(s), vϕ(s))µS(s)− τ
∫
∂S
γϕ∗g(s),
where the constant τ > 0 is the surface tension and γϕ∗g is the volume form on ∂S induced
by the restriction to ∂S of the metric ϕ∗g on S. This Lagrangian is Diffvol(S)-invariant
and therefore induces a Lagrangian on the quotient space T Embvol(S,M)/Diffvol(S),
the projection map being given by (2.3). The reduced Lagrangian thus reads
ℓ(v) =
1
2
∫
D
g(x)(v(x), v(x))µM(x)− τ
∫
Σ
γΣ(x),
where v ∈ Xvol(D), Σ = ∂D and γΣ is the volume form on Σ induced by g. The equations
of motions are given by


∂tv +∇vv = − grad p on D
∂tΣ = g(n, v)
divµM v = 0, p|Σ = τκΣ,
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where κΣ is the mean curvature of the hypersurface Σ relative to the metric g, and n is
the outward-pointing unit normal vector field to Σ relative to g. The second equation
above is written in the tangent space to GrS0 (M) at D, identified with the space of
smooth functions f on Σ = ∂D with
∫
Σ
fγΣ = 0.
We refer to Lewis et al. [1986] for further informations concerning the geometry
of free boundary perfect fluids, the description of the Poisson brackets, and the re-
duced Hamiltonian formulation. The Lagrangian side together with the associated vari-
ational principle for free boundary continuum mechanics has been further studied in
Gay-Balmaz, Marsden, and Ratiu [2013].
3 Dual pairs in infinite dimensions
In this section we review the definition of a dual pair and highlight some difficulties aris-
ing in the infinite dimensional case. We then provide general conditions which guarantee
the dual pair property in the infinite dimensional case. These results will be applied to
the case of free boundary fluids in Section 5.
Let (M,ω) be a symplectic manifold and P1, P2 be two finite dimensional Poisson
manifolds. A pair of Poisson mappings
P1
J1←− (M,ω)
J2−→ P2 (3.1)
is called a dual pair (Weinstein [1983]) if the kernels ker TJ1 and ker TJ2 are symplectic
orthogonal complements of one another. That is, for each m ∈M ,
(ker TmJ1)
ω = ker TmJ2, (ker TmJ2)
ω = ker TmJ1. (3.2)
In finite dimensions these two conditions are equivalent, so one is enough to get a dual
pair, as in the example below.
Example 3.1 (Dual pair associated to a free and proper Hamiltonian action)
Let G be a Lie group acting symplectically (on the left) on a symplectic manifold (M,ω)
and admitting a momentum map J : M → g∗. This means that d〈J, ξ〉 = iξMω for all
ξ ∈ g, where ξM denotes the infinitesimal generator. The kernel of the tangent map TJ
is characterized by the equality
ker TmJ = gM(m)
ω, (3.3)
where gM(m) := {ξM(m) | ξ ∈ g}. When the momentum map is equivariant, it is
a Poisson map with respect to the symplectic form on M and the (+) Lie–Poisson
structure on g∗. If we suppose in addition that G acts freely and properly on M , then
the quotient space M/G is a smooth manifold such that the projection π : M →M/G is
a smooth surjective submersion. This map is Poisson with respect to the symplectic form
on M and the induced quotient Poisson structure on M/G. Thus, using the equality
ker TJ = (gM )
ω = (ker Tπ)ω, we obtain the dual pair (Weinstein [1983])
M/G
pi
←− (M,ω)
J
−→ g∗. (3.4)
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Let us see what happens in an infinite dimensional setting, with G a connected
Fre´chet Lie group acting freely on the symplectic Fre´chet manifold (M,ω) and admitting
an equivariant momentum map J :M → g∗. By g∗ we denote a topological vector space
in non-degenerate duality with the Fre´chet Lie algebra g. When g is a Lie algebra of
sections of a vector bundle, standard examples for g∗ are the full distributional dual or
the regular dual. Note that the existence of a momentum map J : M → g∗ may depend
on the chosen dual g∗. Note also that equality (3.3) still holds in the infinite dimensional
case.
Assuming that the quotient space M/G can be endowed with a smooth manifold
structure such that the projection π is a smooth map, we have gM = ker(Tπ), thus we
get the equality (ker Tπ)ω = ker TJ and the inclusion ker Tπ ⊂ (ker TJ)ω. Therefore,
contrary to the finite dimensional case, in infinite dimensions one cannot conclude that
(3.4) is a dual pair. 
A weaker notion of dual pair was introduced in Gay-Balmaz and Vizman [2012],
where dual pairs associated to the ideal fluid and EPDiff equations were studied. A pair
of Poisson mappings (3.1) is called a weak dual pair, if ker TJ1 and ker TJ2 satisfy the
inclusions
(ker TJ1)
ω ⊂ ker TJ2, (ker TJ2)
ω ⊂ ker TJ1. (3.5)
In finite dimensions these two inclusions are equivalent. An example of weak dual pair
is provided by the cotangent momentum maps for two commuting Hamiltonian actions,
as we will see below.
Example 3.2 (Invariant momentum maps) We consider two symplectic actions of
the (possibly infinite dimensional Fre´chet) Lie algebras g and h on the (possibly infinite
dimensional Fre´chet) symplectic manifold (M,ω), g acting on the right and h on the left.
We assume these actions admit infinitesimally equivariant momentum maps JR and JL,
hence JL : M → (h
∗, { , }+) resp. JR : M → (g
∗, { , }−) are formally Poisson maps for
the plus resp. minus Lie–Poisson brackets.
Suppose that JL is infinitesimally invariant under the action of g, i.e., gM ⊂ ker TJL
or, equivalently, gM ⊂ (hM)
ω by (3.3). This is equivalent to the property ω(ξM , ηM) = 0,
for all ξ ∈ g and η ∈ h. This turns out to be also equivalent to the infinitesimal invariance
of JR under the action of h.
Passing to the symplectic orthogonal spaces, we get that ker(TJL)
ω ⊂ (gM)
ω =
ker(TJR) and ker(TJR)
ω ⊂ (hM)
ω = ker(TJL), hence the pair of momentum maps
h∗
JL←− (M,ω)
JR−→ g∗ (3.6)
is a weak dual pair. The situation can be summarized by the following diagram
JR is h-inv. ks +3 hM ⊂ (gM)
ω ks +3

#+❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
gM ⊂ (hM)
ω
rz ♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥

JL is g-inv.+3ks
(3.5)
s{ ♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦
$,P
PP
PP
PP
PP
PP
PP
PP
PP
PP
PP
PP
PP
P
(ker TJR)
ω ⊂ ker TJL (ker TJL)
ω ⊂ ker TJR.
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In the finite dimensional case, all the arrows become equivalences. 
Lemma 3.3 Let (3.1) be a weak dual pair. If one of the inclusions in (3.5) is an equality
then both inclusions are equalities, i.e., (3.2) holds.
Proof. Suppose that (ker TJ1)
ω = ker TJ2 and (ker TJ2)
ω ⊂ ker TJ1. We thus
have (ker TJ1)
ωω = (ker TJ2)
ω ⊂ ker TJ1. But since we aways have the inclusion
ker TJ1 ⊂ (ker TJ1)
ωω (in the finite dimensional case, this is an equality), it follows
that (ker TJ2)
ω = ker TJ1.
From this Lemma, we obtain the following improvement of a result of Gay-Balmaz and Vizman
[2012]. It will be needed later to establish the dual pair property arising in the context
of free boundary fluids.
Proposition 3.4 Consider two symplectic actions of (possibly infinite dimensional) Lie
algebras g and h on a (possibly infinite dimensional) symplectic manifold (M,ω). Assume
that these actions admit infinitesimally equivariant momentum maps JR and JL. If
h∗
JL←− (M,ω)
JR−→ g∗ (3.7)
is a weak dual pair with gM = (hM)
ω, then (3.7) is a dual pair.
Moreover, assuming that the right momentum map is associated to a symplectic Lie
group action of G on M and that the quotient space M/G can be endowed with a smooth
manifold structure such that the projection π : M →M/G is a smooth map, then
M/G
pi
←− (M,ω)
JR−→ g∗
is a dual pair too.
Proof. From gM = (hM)
ω we get ker TJR = (ker TJL)
ω by taking the symplectic
orthogonals. From Lemma 3.3 we obtain also ker TJL = (ker TJR)
ω, so the first pair of
Poisson maps is a dual pair.
For the second part, gM = (hM)
ω implies that (ker TJR)
ω = ker TJL = (hM)
ω =
gM = ker Tπ. This ensures, together with (ker Tπ)
ω = (gM)
ω = ker TJR, that the
second pair of Poisson maps is a dual pair.
Remark 3.5 It should be noted that the equality gM = (hM)
ω can be written gM =
ker TJL and means that g acts transitively on the level set of JL. Similarly, the equality
hM = (gM)
ω means that h acts transitively on the level set of JR.
When gM = (hM)
ω and hM = (gM)
ω, the g and h actions are said to be mutually com-
pletely orthogonal (Libermann and Marle [1987]). Of course, in the finite dimensional
case the two equalities are equivalent.
Remark 3.6 In the infinite dimensional case, under the weak dual pair assumption
(3.5), we can write the following diagram that shows the various implications
gM = (hM)
ω
X

+3 (ker TJL)
ω = ker TJRKS
Lemma 3.3

hM = (gM)
ω
X
OO
+3 (ker TJR)
ω = ker TJL.
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In the finite dimensional case, all the arrows in the diagram become equivalences. In
infinite dimensions, although the equality gM = (hM)
ω implies the dual pair property, it
does not imply the equality hM = (gM)
ω in general. In Section 5 we will encounter a dual
pair of momentum maps which satisfies gM = (hM)
ω and does not satisfy hM = (gM )
ω.
This means that this dual pair is not associated to mutually completely orthogonal
actions. Of course, such situation can only happen in the infinite dimensional case.
We now suppose that the Lie algebra actions are associated to symplectic Lie group
actions of the Lie groups G and H . We also suppose that JL is G-invariant. Then we
have the infinitesimal invariances gM ⊂ ker TJL = (hM)
ω and hM ⊂ ker TJR = (gM )
ω. If
H is connected, then JR is also H-invariant. The following two corollaries of Proposition
3.4 are stronger versions of Corollary 2.6 and Corollary 2.8 of Gay-Balmaz and Vizman
[2012]. These corollaries are relevant if G, H , and M are infinite dimensional.
Corollary 3.7 Let JR and JL be equivariant momentum maps arising from the sym-
plectic actions of two Lie groups G and H on a symplectic manifold (M,ω). Assume
that JL is G-invariant (or JR is H-invariant), then the pair of momentum maps (3.6)
is a weak dual pair. Moreover, if the G action is transitive on level sets of JL (or the H
action is transitive on level sets of JR), then (3.6) is a dual pair. If the groups G and
H are connected, then their actions commute.
Corollary 3.8 Consider the commuting actions of two Lie groups G and H on a mani-
fold Q, and their lift to the cotangent bundle T ∗Q. Then the associated pair of cotangent
momentum maps
h∗
JL←− T ∗Q
JR−→ g∗ (3.8)
is a weak dual pair. If moreover the G action is transitive on level sets of JL (or the H
action is transitive on level sets of JR), then (3.8) is a dual pair.
Proof. If M = T ∗Q is a cotangent bundle on which G acts by the cotangent lift of its
action on Q, then
J : T ∗Q→ g∗, 〈J(αq), ξ〉 = 〈αq, ξQ(q)〉 (3.9)
is an equivariant momentum map Marsden and Ratiu [1999]. If ξQ is an infinitesimal
generator of the G action, then ξQ is H-equivariant, since the actions commute. Thus,
the cotangent momentum map JR, associated to the cotangent lifted action of G, is
H-invariant. Both the weak dual pair and dual pair properties follow now by Corollary
3.7.
4 Volume preserving embeddings
In this section we present the infinite dimensional manifolds involved in the geometric
formulation of free boundary fluids and comment on their Fre´chet differential structures.
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Manifolds of embeddings. Let S be a compact manifold with smooth boundary and
let M be a manifold without boundary. We denote by C∞(S,M) the Fre´chet manifold
of all smooth functions ϕ : S →M . Its tangent space at ϕ consists of all smooth vector
fields along ϕ, i.e., TϕC
∞(S,M) = {uϕ ∈ C
∞(S, TM) : uϕ(s) ∈ Tϕ(s)M, ∀ s ∈ S}.
The set Emb(S,M) of embeddings is an open subset of C∞(S,M). The left action
of the Lie algebra X(M) of vector fields on Emb(S,M) is transitive, i.e., each vϕ ∈
Tϕ Emb(S,M) can be written as vϕ = v ◦ ϕ for some v ∈ X(M). Note that v is not
necessarily parallel to the boundary of ϕ(S).
For the rest of this section we assume that dimS = dimM = n. Suppose that
S and M are endowed with volume forms µS and µM . The set of volume preserving
embeddings
Embvol(S,M) := {ϕ ∈ Emb(S,M) : ϕ
∗µM = µS}
is a manifold Gay-Balmaz and Vizman [2014] with tangent space
Tϕ Embvol(S,M) = {vϕ ∈ Tϕ Emb(S,M) : divµM (vϕ ◦ ϕ
−1) = 0}, (4.1)
where vϕ ◦ ϕ
−1 is a vector field in X(ϕ(S)) and divµM denotes the divergence relative to
the volume form µM .
Actions of diffeomorphisms groups. Consider the left and right actions of the
diffeomorphism groups Diff(M) and Diff(S) on Emb(S,M) given by
(η, ϕ) 7→ η ◦ ϕ and (ϕ, ψ) 7→ ϕ ◦ ψ, η ∈ Diff(M), ψ ∈ Diff(S).
These actions restrict to left and right actions of the subgroups of volume preserving
diffeomorphisms Diffvol(M) and Diffvol(S) on the manifold of volume preserving embed-
dings Embvol(S,M). Let us denote by
Xvol(M) = {v ∈ X(M) : divµM v = 0}
Xvol,‖(S) = {w ∈ X(S) : divµS w = 0 and w‖∂S}
the Lie algebras of Diffvol(M) and Diffvol(S), respectively. The infinitesimal actions of
v ∈ Xvol(M) and w ∈ Xvol,‖(S) are given by
vEmbvol(S,M)(ϕ) = v ◦ ϕ and wEmbvol(S,M)(ϕ) = Tϕ ◦ w.
Note that from (4.1), each vϕ ∈ Tϕ Embvol(S,M) reads vϕ = v◦ϕ, where v is a divergence
free vector field on ϕ(S).
Remark 4.1 There is an analogous result to the transitivity of the Lie algebra action
of X(M) on Emb(S,M), see Hirsch [1976], in the case of Embvol(S,M), but this requires
Hn−1(S) = 0. In this case, the Lie algebra Xvol(M) of divergence free vector fields acts
transitively on Embvol(S,M). Indeed, the divergence free vector field v on ϕ(S) admits
a potential, so it can be easily extended to a divergence free vector field on M .
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Non-linear Grassmannians. The non-linear Grassmannian GrS(M) of submanifolds
of M of type S is a Fre´chet manifold, see Gay-Balmaz and Vizman [2014], where the
result is proved for any compact manifold with smooth boundary and with dimS ≤
dimM (see Kriegl and Michor [1997] for the case dimS < dimM , ∂S = ∅). Recall that
here dimS = dimM and ∂S 6= ∅. In this case, the tangent space at D ∈ GrS(M) can
be identified with
TD Gr
S(M) = T∂D Gr
∂S(M) = Γ(T (∂D)⊥),
where T (∂D)⊥ = TM |∂D/T (∂D) denotes the normal bundle of the codimension one
submanifold ∂D ⊂ M . If M is endowed with a fixed Riemannian metric g, since ∂D
is oriented, we can identify the space of sections of the normal bundle T (∂D)⊥ with
C∞(∂D).
Using the submersion
vol : GrS(M)→ R, vol(D) =
∫
D
µM ,
we can express the non-linear Grassmannian GrS0 (M) of type S submanifolds of M with
the same total volume as S, defined in (2.2), as
GrS0 (M) = vol
−1
(∫
S
µS
)
.
By a regular value theorem valid in the Fre´chet context (see Theorem III.11 in Neeb and Wagemann
[2008]), extracted from Gloeckner’s implicit function theorem (Theorem 2.3 in Glo¨ckner
[2003]) it can be shown that GrS0 (M) is a codimension one submanifold of Gr
S(M). .
Using again the Riemannian metric g on M , the tangent space is seen to be
TDGr
S
0 (M) =
{
f ∈ C∞(∂D) :
∫
∂D
fγ∂D = 0
}
,
where γ∂D denotes the volume form induced by g.
Principal bundles. As shown in Gay-Balmaz and Vizman [2014], the non-linear Grass-
mannian GrS(M) is the base space of a principal bundle with structure group Diff(S):
π : ϕ ∈ Emb(S,M) 7→ D = ϕ(S) ∈ GrS(M). (4.2)
The projection π restricted to the set of volume preserving embeddings
Embvol(S,M) := {ϕ ∈ Emb(S,M) | ϕ
∗µM = µS}
takes values in GrS0 (M) because
∫
ϕ(S)
µM =
∫
S
ϕ∗µM =
∫
S
µS for all ϕ ∈ Embvol(S,M).
As shown in Gay-Balmaz and Vizman [2014], we get a principal Diffvol(S) bundle over
the non-linear Grassmannian GrS0 (M) of all type S submanifolds of M of same volume
as S:
π : ϕ ∈ Embvol(S,M) 7→ D = ϕ(S) ∈ Gr
S
0 (M). (4.3)
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Cotangent bundles. The regular cotangent space to Emb(S,M) at ϕ is the space of
one-forms on M along ϕ, i.e.,
T ∗ϕ Emb(S,M) = Γ(ϕ
∗T ∗M) = {αϕ ∈ C
∞(S, T ∗M) : αϕ(s) ∈ T
∗
ϕ(s)M, ∀ s ∈ S}.
The duality pairing between Tϕ Emb(S,M) and T
∗
ϕ Emb(S,M) is
〈αϕ, vϕ〉 =
∫
S
(αϕ(s)·vϕ(s))µS.
As in the case of the tangent bundle, each αϕ can be written as αϕ = α ◦ ϕ for some
α ∈ Ω1(M).
In order to describe the cotangent space to Embvol(S,M) at ϕ, we shall use the
inclusion ι : Embvol(S,M)→ Emb(S,M).
Notations. Given an embedding ϕ ∈ Emb(S,M) and a k-form ωϕ along ϕ, i.e., ωϕ ∈
Γ(ϕ∗ΛkM), we define the pull-back ϕ∗ωϕ ∈ Ω
k(S), by
(ϕ∗ωϕ)(s)(u
1
s, . . . , u
k
s) := ωϕ(s)
(
Tsϕ(u
1
s), . . . , Tsϕ(u
k
s)
)
, ∀ u1s, . . . , u
k
s ∈ TsS. (4.4)
An example of a form along ϕ is given by the contraction ivϕµM , where vϕ ∈ Tϕ Emb(S,M)
and µM is a volume form on M . Explicitly, this contraction reads
ivϕµM(s)(v
1
ϕ(s), . . . , v
n−1
ϕ(s)) = µM(ϕ(s))
(
vϕ(s), v
1
ϕ(s), . . . , v
n−1
ϕ(s)
)
,
for all v1ϕ(s), . . . , v
n−1
ϕ(s) ∈ Tϕ(s)M . From (4.4), its pull-back is the (n− 1)-form on S given
by
ϕ∗(ivϕµM)(s)(u
1
s, . . . , u
n−1
s ) = µM(ϕ(s))
(
vϕ(s), Tsϕ(u
1
s), . . . , Tsϕ(u
n−1
s )
)
,
for all u1s, . . . , u
n−1
s ∈ TsS.
Lemma 4.2 The regular cotangent space at ϕ ∈ Embvol(S,M) can be identified with
the quotient space
T ∗ϕ Embvol(S,M) = Γ(ϕ
∗T ∗M)/ {αϕ : ϕ
∗αϕ = dh for h ∈ C
∞(S), h|∂S = 0} . (4.5)
Proof. It is enough to show that
ker(T ∗ϕι) = {αϕ : ϕ
∗αϕ = dh for h ∈ C
∞(S), h|∂S = 0},
where T ∗ϕι : T
∗
ϕ Emb(S,M) → T
∗
ϕ Embvol(S,M). Indeed, for all vϕ ∈ Tϕ Embvol(S,M),
and for all αϕ ∈ T
∗
ϕ Emb(S,M) = Γ(ϕ
∗T ∗M), we have
〈
T ∗ϕι · αϕ, vϕ
〉
= 〈αϕ, Tϕι · vϕ〉 =
∫
S
(αϕ ·vϕ)µS =
∫
S
(αϕ ·vϕ)ϕ
∗µM =
∫
S
ϕ∗αϕ ∧ ϕ
∗ivϕµM .
So, αϕ ∈ ker(T
∗
ϕι) if and only if
∫
S
ϕ∗αϕ∧ϕ
∗ivϕµM = 0 for all vϕ such that d
(
ϕ∗ivϕµM
)
=
0, i.e., for all closed (n − 1)-forms ϕ∗ivϕµM on S. From the Hodge decomposition
Ωk(S) = dΩk−1n (S) ⊕ Ω
k
δ−cl(S) for one-forms, we get that αϕ ∈ ker
(
T ∗ϕι
)
if and only if
ϕ∗αϕ is the differential of a smooth function h on S that vanishes on ∂S.
We will denote by [αϕ] the element in the quotient space (4.5)
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5 Dual pairs for free boundary fluids
In this section, we prove the dual pair properties for the momentum map JR and the
quotient map πR associated to free boundary perfect fluids, given in (1.1). It is worth
noting that to obtain this result, we first prove the dual pair property for the pair of
momentum maps JL and JR, by using the results of Section 3. As we shall show, this
pair of momentum maps is not associated to mutually completely orthogonal actions.
Then, using again a result from Section 3, we deduce the dual pair property for (1.1).
5.1 A pair of momentum maps
Consider the left and right actions of Diffvol(M) and Diffvol(S) on Embvol(S,M) and the
associated cotangent lifted action on T ∗ Embvol(S,M). Since the actions commute, it
follows from Corollary 3.8 that the associated momentum maps
Xvol(M)
∗ JL←− T ∗Embvol(S,M)
JR−→ Xvol,‖(S)
∗
form a weak dual pair. We now compute these momentum maps by using formula (3.9).
For the Diffvol(M)-action, given [αϕ] ∈ T
∗Embvol(S,M), we have
〈JL([αϕ]), v〉 = 〈[αϕ], v ◦ ϕ〉 =
∫
S
αϕ ·(v ◦ ϕ)µS =
∫
ϕ(S)
(αϕ ◦ ϕ
−1 ·v)µM , (5.1)
for all v ∈ Xvol(M). Therefore, JL : T
∗Embvol(S,M) → Xvol(M)
∗ takes values in the
singular dual of the Lie algebra of divergence free vector fields on M .
Let us identify the regular dual to Xvol,‖(S) with the quotient space Ω
1(S)/dΩ0(S).
For the Diffvol(S)-action we compute
〈JR([αϕ]), w〉 = 〈[αϕ], Tϕ ◦ w〉 =
∫
S
αϕ ·(Tϕ ◦ w)µS =
∫
S
(ϕ∗αϕ ·w)µS = 〈[ϕ
∗αϕ], w〉,
for all w ∈ Xvol,‖(S). Therefore, the right cotangent momentum map JR takes values in
the regular dual of Xvol,‖(S) and reads
JR : T
∗Embvol(S,M)→ Xvol,‖(S)
∗, JR([αϕ]) = [ϕ
∗αϕ]. (5.2)
5.2 Transitivity
In the case of the dual pair on T ∗ Emb(S,M) associated to the EPDiff equation, see
Gay-Balmaz and Vizman [2012], we had to restrict the cotangent momentum maps to
an open subset of the cotangent bundle in order to show that the weak dual pair is a dual
pair. We denoted by T ∗ϕ Emb(S,M)
× the open subset of T ∗ϕ Emb(S,M) = Γ(ϕ
∗T ∗M)
consisting of those 1-forms along ϕ which are everywhere non-zero on S. Consequently
we consider here the open subset
T ∗ϕ Embvol(S,M)
× = T ∗ϕ Emb(S,M)
×/{αϕ : ϕ
∗αϕ = dh for h ∈ C
∞(S), h|∂S = 0}.
The restrictions of the momentum maps to this open subset will be denoted again by
JL and JR.
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Proposition 5.1 The group Diffvol(S) of volume preserving diffeomorphisms of S acts
transitively on the level sets of the cotangent momentum map JL : T
∗Embvol(S,M)
× →
Xvol(M)
∗ given by (5.1).
Proof. Let [αϕ], [α
′
ϕ′] ∈ T
∗Embvol(S,M)
× (see Lemma 4.2) and assume that they
belong to the same level set of the momentum map JL. By (5.1) this means that for all
v ∈ Xvol(M), ∫
S
αϕ ·(v ◦ ϕ)µS =
∫
S
α′ϕ′ ·(v ◦ ϕ
′)µS. (5.3)
Let γ := αϕ ◦ ϕ
−1 ∈ Γ(T ∗M |ϕ(S)) and γ
′ := α′ϕ′ ◦ ϕ
′−1 ∈ Γ(T ∗M |ϕ′(S)). Using the fact
that both ϕ and ϕ′ are volume preserving, we deduce from (5.3) that
∫
ϕ(S)
γ ∧ ivµM =
∫
ϕ′(S)
γ′ ∧ ivµM
for all divergence free vector fields v on M , hence
∫
ϕ(S)
γ ∧ ν =
∫
ϕ′(S)
γ′ ∧ ν for all closed
(n− 1)-forms ν on M .
The embeddings ϕ and ϕ′ have the same image in M . Otherwise, by choosing ν with
appropriately small support we can achieve that one member of the above equality is zero,
while the other member is not zero. Here we need the fact that γ resp. γ′ is everywhere
non-zero on ϕ(S) resp. ϕ′(S), which follows from αϕ, α
′
ϕ′ ∈ T
∗Emb(S,M)×. Since
ϕ(S) = ϕ′(S), we can define ψ := ϕ−1 ◦ ϕ′ ∈ Diff(S). We have ψ∗µS = (ϕ
′)∗(ϕ−1)∗µS =
(ϕ′)∗µM = µS, because ϕ, ϕ
′ are volume preserving, which proves that ψ is volume
preserving, i.e., ψ ∈ Diffvol(S).
We define the one-form along ϕ given by βϕ := α
′
ϕ′ ◦ ψ
−1. In particular [α′ϕ′ ] = [βϕ ◦
ψ] = ψ·[βϕ], where the dot denotes the cotangent action of Diffvol(S) on T
∗ Embvol(S,M)
×.
Using (5.3), as well as some of the identities above, we compute
∫
S
ϕ∗αϕ ∧ ϕ
∗(ivµM) =
∫
S
αϕ ·(v ◦ ϕ)µS =
∫
S
α′ϕ′ ·(v ◦ ϕ
′)µS =
∫
S
(βϕ ◦ ψ)·(v ◦ ϕ ◦ ψ)µS
=
∫
S
βϕ ·(v ◦ ϕ)µS =
∫
S
ϕ∗βϕ ∧ ϕ
∗(ivµM),
for all v ∈ Xvol(M), hence for all closed (n− 1)-forms ϕ
∗(iuµM) on S. From the Hodge
decomposition, we conclude that the one-forms ϕ∗αϕ and ϕ
∗βϕ on S differ by an exact
form dh with h|∂S = 0, i.e. [αϕ] = [βϕ]. Now, we have [α
′
ϕ′ ] = ψ · [βϕ] = ψ · [αϕ] and
ψ ∈ Diffvol(S), hence we get the desired result.
The following result is a consequence of Corollary 3.8 and Proposition 5.1:
Corollary 5.2 The pair of momentum maps
Xvol(M)
∗ JL←− T ∗ Embvol(S,M)
× JR−→ Xvol,‖(S)
∗
is a dual pair.
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We will show below that the commuting actions of Diffvol(S) and Diffvol(M) are
not mutually completely orthogonal (in the sense of Libermann and Marle [1987], see
Remark 3.5), namely only the Diffvol(S)-orbits are the symplectic orthogonals of the
Diffvol(M)-orbits, not vice-versa. Thus we have an example of a dual pair of momentum
maps h∗
JL←− (M,ω)
JR−→ g∗ that satisfies gM = (hM)
ω, but not hM = (gM)
ω (see Remark
3.6).
Proposition 5.3 The action of the Lie algebra of divergence free vector fields Xvol(M)
on level sets of the cotangent momentum map JR : T
∗ Embvol(S,M) → Xvol,‖(S)
∗ given
by (5.2) is not transitive (hence the action of the volume preserving diffeomorphism
group Diffvol(M) is not transitive).
Proof. We will show that the tangent space at [αϕ] to the Diffvol(M)-orbit through
[αϕ], namely Xvol(M)T ∗ Embvol(S,M)([αϕ]), is strictly included in the kernel of the tangent
map T[αϕ]JR.
Given [αϕ], [βϕ] ∈ T
∗
ϕ Embvol(S,M), we consider the vertical lift
Ver[αϕ]([βϕ]) :=
d
dt
∣∣∣
t=0
[αϕ + tβϕ] ∈ T[αϕ](T
∗Embvol(S,M)).
If JR([βϕ]) = [ϕ
∗βϕ] = 0, then the vertical lift Ver[αϕ]([βϕ]) belongs to the kernel of
T[αϕ]JR. This is the case for [βϕ] such that
ϕ∗βϕ = dh, (5.4)
for an arbitrary h ∈ C∞(S).
We assume by contradiction that the vertical lift Ver[αϕ]([βϕ]) is tangent to the
Diffvol(M)-orbit through [αϕ], i.e. there exists v ∈ Xvol(M) such that
Ver[αϕ]([βϕ]) = vT ∗ Embvol(S,M)([αϕ]). (5.5)
The tangent map of the canonical projection T ∗ Embvol(S,M)→ Embvol(S,M) applied
to (5.5) leads to 0 = vEmbvol(S,M)(ϕ), so the divergence free vector field v on M must
vanish on the image ϕ(S) of the embedding ϕ.
There is an induced action of the Lie subalgebra of divergence free vector fields on
M that vanish on ϕ(S) on the vector space T ∗ϕ Embvol(S,M) by v ·αϕ = αϕ ◦∇v. It can
be used to express the infinitesimal generator as
vT ∗ Embvol(S,M)([αϕ]) = Ver[αϕ]([αϕ ◦ ∇v]). (5.6)
The identities (5.5) and (5.6) lead to [αϕ ◦ ∇v] = [βϕ], so there exists k ∈ C
∞(S),
k|∂S = 0 such that ϕ
∗(αϕ ◦ ∇v) + dk = ϕ
∗βϕ ∈ Ω
1(S). This is a contradiction because
the left hand side vanishes on T (∂S), while the function h in (5.4) can be chosen such
that the right hand side doesn’t.
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5.3 Dual pair for perfect free boundary fluid
In this subsection, we will show that the pair of Poisson mappings (1.1) associated to
free boundary perfect fluids, is a dual pair. This pair of momentum map is of the form
(3.4) and we shall use Proposition 3.4 applied to the dual pair obtained in Corollary 5.2
to show that (1.1) is a dual pair. We first need the following result.
Theorem 5.4 The quotient space T ∗ Embvol(S,M)
×/Diffvol(S) can be endowed with a
smooth manifold structure such that the projection
πR : T
∗ Embvol(S,M)
× → T ∗ Embvol(S,M)
×/Diffvol(S)
is a smooth map.
Proof. We will use the smooth principal bundle structure (4.3) on Embvol(S,M).
Consider the Riemannian metric on Embvol(S,M) given by
〈vϕ, wϕ〉ϕ :=
∫
D
g(ϕ(x))(vϕ(x), wϕ(x))µM(x),
where g is a Riemannian metric on M and µM is the associated volume form. The prin-
cipal connection associated to this Riemannian metric is called the Neumann connection
(Lewis et al. [1986]) and is given by
A(ϕ)(vϕ) = ϕ
∗Pϕ(S)(uϕ ◦ ϕ
−1) ∈ Xvol,‖(S),
where Pϕ(S) is the projector onto the first component of the Helmholtz decomposition
X(ϕ(S)) = Xvol,‖(ϕ(S))⊕ grad F(ϕ(S)).
Here X(ϕ(S)) denotes the space of all smooth vector fields on the manifold with boundary
ϕ(S) (not necessarily parallel to the boundary). Recall that since vϕ ∈ Tϕ Embvol(S,M),
the vector field vϕ ◦ ϕ
−1 is divergence free but not necessarily parallel to the boundary.
Using the connection A, we have an isomorphism
(
T Embvol(S,M)
)
/Diffvol(S)→ T Gr
S
0 (M)⊕
˜Xvol,‖(S) (5.7)
[vϕ] 7→
(
Tϕπ(vϕ), [ϕ,A(ϕ)(vϕ)]Diffvol(S)
)
covering the identity on GrS0 (M). Here
˜Xvol,‖(S) :=
(
Embvol(S,M)× Xvol,‖(S)
)
/Diffvol(S)
is the adjoint bundle, where the quotient is taken relative to the right action of η ∈
Diffvol(S) on Embvol(S,M)× Xvol,‖(S) ∋ (ϕ, v) given by
(ϕ, v) 7→ (ϕ ◦ η, η∗v).
The fact that π : Embvol(S,M)→ Gr
S
0 (M) is a principal bundle implies that
˜Xvol,‖(S) is
a smooth vector bundle over GrS0 (M). Thus, by using the isomorphism (5.7), we get that
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the quotient space
(
T Embvol(S,M)
)
/Diffvol(S) is a smooth vector bundle and hence a
manifold.
The regular dual of the vector bundle (5.7) can be identified with the quotient
space
(
T ∗Embvol(S,M)
)
/Diffvol(S), where T
∗ Embvol(S,M) is the regular dual of the
tangent bundle, so it is a manifold. The Diffvol(S)-action preserves the open subset
T ∗ Embvol(S,M)
× of T ∗ Embvol(S,M). Thus
(
T ∗ Embvol(S,M)
×
)
/Diffvol(S) is an open
subset of the manifold
(
T ∗Embvol(S,M)
×
)
/Diffvol(S), hence also a manifold.
Now Proposition 3.4 ensures that the Lagrange-to-Euler map πR and the momentum
map JR for the free boundary fluid form a dual pair of Poisson maps.
Theorem 5.5 The pair of Poisson maps
T ∗ Embvol(S,M)
×/Diffvol(S)
piR←− T ∗ Embvol(S,M)
× JR−→ Xvol,‖(S)
∗
is a dual pair.
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